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1 Introduction

This material can also be found in chapters six and seven of the textbook (but not as good).
We will use the simplest utility function that captures the important features.

where r is the return on your wealth. In essence, you get higher utility from getting a higher return, but
lower utility from higher variance. The A is a coefficient that represents your level of risk aversion. If A is
positive, you are risk averse. If A is negative, you are risk loving. If A is zero, you are neutral. The higher
the value of A, the more risk averse you are. We will typically think of A being positive.

If we were to draw a graph with expected return on the y-axis and standard deviation of the z-axis, what
would your indifference curves look like? Can you explain why they should look like that?

Answer:

10 ¥
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Let’s try a numerical example. Consider three different portfolios with different expected returns and
levels of risk. For investors with any given level of risk aversion, we can compute which portfolio is prefered.

Portfolio Expected Return | Risk(SD) Utility
A=2]| A=35|A=5
L (low risk) ™% 5% 0675 .0656 .0638
M (medium risk) 9% 10% | .0800 | .0725 | .0650
H (high risk) 13% 20% .09 .06 .03

Typically you will see a pattern similar to what is displayed in the table. Assets with a higher expected
return will also have higher risk. Can you explain why that is?
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We will often talk about a return by comparing it to the risk free return (Is there a risk free asset in the
real world? What would it be?). I will define the excess return of an asset to be its return minus the risk
free return. We will call the risk premium the expected value of the excess return.

risk premium; = E[r;] —ry

Consider the portfolios in the above table. If the risk free rate was 5%, then the low, medium, and high
risk portfolios would have risk premium of 2%, 4%, and 8% respectively.

2 One Risky Asset and One Risk Free Asset

Now that we can evaluate different assets or different portfolios, let’s consider the problem of finding the
optimal combinations or mixtures of assets.

Imagine that there is one risk free security with return denoted r¢ and one risky security with return
denoted 7,.. If we know the mean an variance, we can determine which one the investor would rather put all
their money in. However, in the real world you usually have more options than that. You could choose to
put any fraction of your wealth in the risky asset and the remainder in the risk free asset.

Let a be the fraction of your wealth that you put in the risky asset. Now the return that you get is a
combination of the two returns.

re =ar, + (1 —a)ry
We can calculate the expected return and variance of any combination defined by a.
Elr.] = Elar, + (1 — a)ry]
=oE[r,]+ (1 —a)ry
=r;+aEr,] —ry)

Notice that the expected return on the combination is simply the linear combination of the expected returns.
The expected return on your combination will be equal to the risk free rate plus « times the risk premium
for r,.

Now let’s try the variance.

= o(r.) = ao(ry)

Since ry is risk-free, it has zero variance. We see that the variance of the combination isn’t just the combi-
nation of the variances (you need to square «), but the standard deviation is that simple.

Thus, if we were to draw on a mean-standard deviation graph all the possible portfolios, they would
simply be a straight line through the risk free return and the risky return.
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The green line, which represents every possible portfolio made up of the risk free security and the single
risky security, is known as the capital allocation line.

Notice that the slope of the capital allocation line is equal to the risk premium devided by the standard
deviation of the risky asset. This fraction is known as the Sharpe ratio. We can now write the capital
allocation line using the following formula.

Elre] =7y + UCE[TT] i
T
When written this way, we can more clearly see that the intercept is the risk free rate and the slope is the
Sharpe ratio.

The consumer chooses a to maximize their utility subject to being on the capital allocation line.

The capital allocation line plays the role that the budget constraint played in your intro to economics
class. We need to find the tangent indifference curve. (For practice, draw this same thing for an investor

that is more risk averse).
/
| O
‘ ‘ ‘ g
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We can solve analytically for that tangency point. The problem we need to solve is,

max E[r.] — —o(r.)%
a 2
Remember that we can rewrite this as,

max 1y +a(E[r,] —rf) — 50420(7‘,.)2.

In order to maximize this, we must take the derivative and set it equal to zero.

oU
i Elry] —rf — aAo(r,)?
['his implies,
* E[TT} - Tf

Notice that the amount of the risky asset you hold is increasing in the risk premium, decreasing in the
variance, and decreasing in your level of risk aversion. All those are as you would likely expect.

3 Two Risky Assets

Now let’s move on to a different problem. Suppose now that there are two risky assets in which you can
invest, ry and ro.
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We will look at a numeric example to make sure we understand how the utility function works. Suppose
that GE stock has an expected return of 8% and a variance of 12%. Also, suppose that Target stock has
an expected return of 5% and a variance of 14%. Assume the two stocks are uncorrelated and that your
coefficient of risk aversion is A = 4.

If given only the three choices, would you rather invest all your money in GE, all your money in Target,
or half your money in each? It would appear at first glance that you should put all your money in GE. It
has a better (higher) expected return, and it has a better (lower) variance. Those are the only two things
you care about, so why would you put any money in Target? Let’s just run the numbers quickly and see if
this intuition is correct.

U(GE) = E[GE] (GE)? =0.08 —2%0.12 = —0.16

- -0
2
4
U(Target) = E[Target] — ia(Target)2 =0.05—2%0.14 = —0.23

This confirms our intuition that GE stock is prefered to Target. We could have also seen this by graphing
the two assets with indifference curves.

5.102 0.1 ({15 0.2

The last option we need to consider is an equal split of the two assets. Looking at the graph, is there
any way a combination of the red dot and the blue dot can get us on a higher indifference curve? Let’s put
in the numbers and see.

1 1 1 1 4 1 1
U (QGE + 2Target) =E [ZGE + 2Target] — 3¢ (QGE + 2Target)
1 1 41 , 41 )
= gE[GE] + iE[Target] §ZU(GE) 510(Target)
:%*0.084—%*0.05—%*0.12— % *0.14
= —0.065

This does not match the earlier stated intuition. The mixture of half your money in GE and half in
Target is strictly prefered to putting all your money in either one of them alone. This is the principle of
diversification. Simply put, diversification if the old saying that “you shouldn’t put all your eggs in one
basket”. In the graph, it must be that the set of possible portfolios is not simply a straight line between the
two assets as it was in the last section.

Consider more generally, that there are two risky assets with returns r1 and ro. I will denote o1 and o5
the standard deviation of r; and 7o respectively. Let p be the correlation between r; and ry. As before, «
will be the fraction of wealth put in asset 1.
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The return on your portfolio is
re =ar; + (1 — a)rs.

The expectation of this is simply computed.

E[r.] = E[ar; + (1 — a)rg]
= aE[r1] 4+ (1 — a)E[rs]

The variance is only slightly more complicated.

Vre = Viary + (1 — a)ra]
= V]ari] + V[(1 — @)ra] + 2Cov]ary, (1 — a)re)

= a*V[r] + (1 — @)*V[ra] + 2a(1 — )Cov[ry, o
=a?0? + (1 — )03 + 2a(1 — a)oy09p
Let’s look at a few special cases to get some intuition for this equation. Notice that the variance is
increasing in p. Also, remember that p € [—1,1]. So, let’s start with the worst case scenario where p = 1.
Then the variance is
02 = a0} + (1 —a)os +2a(l — a)oy 0.
If you stare at this equation for a few minutes and think back to your high school math class, you’ll notice
that this is a perfect square. This means that you can simplify the equation.

02 = (aoy + (1 — a)oy)?

= o.=ao + (1 —a)os
We can see here that the standard deviation is a linear function of o. We know from earlier that the

expected return is always a linear function of «. This means that if we plot the possible portfolios in
mean-standard deviation space, it will just be a straight line through the two assets.

1 2 3 4 )
Now let’s consider another special case. Since we did the worst case scenario, let’s now do the best case
scenario. Suppose that p = —1. The variance formula now becomes

02 = a0} + (1 —a)oi —2a(l — a)oy 0.

You probably noticed much more quickly this time that this is also a perfect square.

2 2
OC

= 0. = ||ac; — (1 — a)os|

= (ao; — (1 — a)o?)
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This is also linear (at least piecewise) in « but it looks a bit different.

Notice that if we take
g2

g1 + g9
we can acheive zero variance. The possible portfolios are represented as the green line.

6 |#
4,,
2,,
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Now let us consider any other level for p € (—1,1). Notice that while the expected return is a linear
function in «, the standard deviation is not.

O = \/azor% + (1 —a)202 + 2a(1 — a)oroap

It is more like a sideways parabola.
We can find farthest left point on the curve by finding the minimum variance portfolio.

min  a?0? + (1 — @)?02 + 2a(1 — a)ooap

We do this by differentiating and setting it equal to zero. The derivative is,

oV
B = 207 — 203(1 — a) + 20109p — 40102 par.
Setting it equal to zero.

(202 + 202 — 4o109p)a* = 205 — 20109p

2
g5 —0102p

= o=
0% + O’% —20102p

We can now draw this graph in mean-standard deviation space.
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A key takeaway from this is that a mixture of the two assets can often have a lower variance than either
of the two assets, and can get you onto a higher indifference curve.

Now that we have characterized the set of available portfolios, we need to find the element in that set
that maximizes the agent’s utility. This is the point where the indifference curve is tangent. We can solve
this by differentiating the utility function with respect to « and setting it equal to zero.

_ Ay, AL 9o _
max aE[ri] 4+ (1 — a)E[rg] 50015 (1—-a)c; — Aa(l — a)oy0o9p
«@
The derivative,
E[ri] — E[ry] — Acia + A(1 — a)o3 — Aoyoap + 2A0109pa

Setting it equal to zero
E[r1] — E[rg] + Aos — Aciog = A(0F — 03 — 20102)a*

Solving for «
E[Tl} — E[TQ} + AO’% — A010'2p
A(o? — 02 — 20109p)

o =

tn

This formula for o™ does not necessarily always lie between zero and one. A negative value of a wold
represent short selling asset one to buy more of asset two.

4 Many Risky Assets

Suppose now that there are IV risky assets with returns r;. Let r denote the N x 1 vector of returns. Similar
to earlier, we will let «; be the fraction of your wealth in asset ¢. « is the vector of a’s. The return on your

portfolio is then
N
rp = Zairi =ar.
i=1
We can get the meaningful statistics of the portfolio return now. The expected return of your portfolio
is

N
E[r,] = Z a;E[r;] = 'E[r].

MPT Notes Page 7



Economics 4751 Financial Economics Fall 2017

Let Jizj be the covariance between assets i and j. Notice that 0% = o?. Then, let’s let 3 be the
variance-covariance matrix of . That is

o2 2 2
of Oiy ... Oin
2 2 2
0'21 0'2 JQN
E:
2 2 2
N1 9n2 -+ ON

Now we can compute the variance of our portfolio.

2 2 2 2 2 2 2 2 2 2
0, =Qjo] + 0305 + ...+ ayoy + 20100075 + 20103073 + ... + 2anN_1aGNON_1 N

N N
_ 2
= Z Zo‘iaﬂ'%‘

i=1 j=1

=adYa

Now let’s look at the N assets graphed in mean-standard deviation space.
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We can also construct portfolios of any three or more assets. In general, the shapes will look about the
same. Each will still be a cartoon nose shape.
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When there are many assets, we end up filling out an entire region on the graph. However, not the entire
region is entirely intresting. Suppose you wanted an expected return of 3%. It is feasible for you to obtain
this with a standard deviation of about two or higher or any higher number. But, why would you ever want
to have a higher standard deviation than necessary. If for evey level of expected return we plot the minimum
standard deviation portfolio, this will trace out a single curve.

10 tr

8,,

This curve is known as the Efficient Frontier. It is the lowest variance possible for any given expected
return. You should think of it similarly to the production possibilities frontier. Any portfolio not on the
frontier is wasteful, in the sense that it is strictly dominated by a portfolio that is on the frontier.

Alternatively, you could construct the frontier is the symmetric way. You could find the portfolio to
maximize expected return subject to the constraint of a given standard deviation level.

10 [1

8,,

This will only give you the top half of the frontier in the picture here, but that is the half we care about
anyway. The only problem with this second approach is that you need to know what the smallest o you can
use is. If you have something like above and you tell Excel to give you the highest expected return subject
to the standard deviation being 1.0, Excel will likely just explode.

If we take the combination of any two portfolios on the frontier, the result will also be on the frontier.
This leads to a third method we can use to obtain the frontier. First we ask our solver to find the minimum
variance portfolio without constraining it to have any particular expected return. We will call this portfolio
G. Next we take the risk free rate to be a fixed number, and we ask our solver to find the portfolio with the
highest Sharpe ratio. We will call this portfolio P*. Clearly, these two portfolios must be on the efficient
frontier. Now we can trace out the entire frontier by simply taking all combinations of those two portfolios.
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12 3 4 5

If there is no risk free asset available, we now maximize our utility subject to being on the frontier. This
is done by finding the highest indifference curve that intersects the frontier.

10 [1

o2 3 4 s

Which point on the frontier you choose will depend on your level of risk aversion. An agent that is more
risk averse will choose a portfolio closer to G. An agent that is not very risk averse will choose a portfolio
that is out past P*. No agent, regardless of risk aversion, will choose a portfolio that is not on the frontier.
Also, only the top half of the frontier will be chosen. There is no reason to choose a portfolio below G.

5 Many Risky Assets and a Risk Free Asset

Now let us suppose that you have many risky assets and one risk-free asset. Finally, we've made it to the
case that reflects the real world (why not multiple risk-free assets?).
We can take inspiration for solving this from when we solved the problem of one risky asset and one risk
free asset. We can treat any risky portfolio as the risky asset in that problem and solve for the optimum.
If we take P, and P, to be any portfolios constructed from the risky assets, we can draw the capital
allocation line through the portfolio.
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1 2 3 4 5

Any point on the lower red line can be obtained by putting some of your wealth in the risk free asset and
some of it in portfolio P;. However, notice that for any point on the lower line, there is a point on the line
through P, that has a higher expected return with the same level of risk. Thus, for any level of risk aversion
and any combination of P; and r¢, there is a portfolio you can construct from P and r¢ that dominates it.

But why stop at P». You could draw another capital allocation line that is higher than P, and will
dominate everything on that line. You can keep on moving the line up until you have the highest line that
still intersects the efficient frontier.

Remember that we move the line up by increasing the slope, and the slope of the capital allocation line is
the Sharpe ratio. So, this is the same as saying that we want to find the risky portfolio that has the highest
Sharpe ratio and draw our capital allocation line through it. This is the P* portfolio that we found earlier,
and the line will be just tangent to the efficient frontier.

10 T

The problem is then simply to maximize our utility subject to being on the red line. Let’s again draw
the indifference curves.
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Every investor’s optimal allocation will be somewhere on that red line. It will be closer to rf if they
are more risk averse, and it could even be beyond P* if they are not very risk averse (this means you are
borrowing at rate ry to invest more in P*). This means that everyone ought to be putting their wealth in
only ¢ and P*. There need only exists two funds in the world. One money market fund will exist to give
you a risk free return, and one risky fund that simply holds P*. There is no reason to invest any money in
anything else.

Why do you think there are so many other investment options in the world? Why do people invest in
them?

Now, let’s do some math to understand more about the optimal allocations. I will let 1 denote a vector
that has only 1’s in it. Let a be the vector that has the fraction of your wealth you put into each asset in
the return vector r. Now we can maximize your utility function. Using the equations at the begining of the
last section, the problem becomes the following.

A
/ !/
max Ty + o (E[r] —rfl) — T Ya

We can solve this for the optimal « vector by differentiating this with respect to a and setting it equal
to zero. The derivative is

ou
Do E[r] —r;l — A¥c.
Now we can set it equal to zero and solve for a*.
= 2w - )
o = — rl—r
A 1=

We know that the matrix ¥ is invertible because it is a variance-covariance matrix. This equation is clearly
just the matrix equivalent of what we got in the case of one risky asset and one risk-free asset.

Let’s now try writing out the problem without any vectors and see if we can solve any of it. We need to
choose N different o’s to represent the fraction of wealth in each of the N assets. Using the equations at
the beginning of the last section, the problem becomes,

N PR
max =oTfF Zlai (E[rs] —rg) - Bl ZZ%%‘U%-
=

1,02,
i=1j=1

We need to differentiate this equation with respect to each of the NV a’s and set all of them equal to zero.
Then we have a system of N equations and N unknowns. We can solve this to get the optimal portfolio.
Let’s start with differentiating with respect to «;.

oU 2l
Par E[ri] —ry — AZO@U%

i=1
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Setting this equal to zero and solving for af gives

Elr] —ry— AN 0%

*
« =

1
Ao?

You could do the exact same thing to get an equation for a3, a3, and so on for any of the o. They are
all defined in terms of each other. Then, you need to solve the system of equations to get o in terms of
primatives.

Instead of solving it out completely, let’s back up a step and see if we can get some intuition. When we
set the equation equal to zero we got

N
E[r;] —ry = AZO&;O’%.
j=1

Remember that covariance operators are linear. Notice the following.
Cov(r;,rp) = Cov(r;,onr1 + aares + ...+ anTN)
= Cov(r1,a1r1) + Cov(ry,are) + ... + Cov(ry, anrn)

= oqo’f + ozgan +...+ ochrfN
Now we can clearly see that the optimality equation above becomes
Elri] —ry = Aofp.

This equation has the same interpretation as every maximization problem you did in 3101. We are setting
the marginal benefit equal to the marginal cost. The marginal benefit of holding a little bit more of asset ¢
is the excess return you get on asset . The marginal cost of asset i is the increase in risk.

This same equation holds for all asset’s available. In other words, you need to set the ratio of marginal
benefit to marginal cost equal for every asset. This implies,

Blri] —rp _ Elrj] =7y

— A= E[T;U]_Tf.
Tip Gjp oz

The part that you may think is strange at first is that I am refering to a?p as the risk of asset 4. Isn’t o2
the risk of asset 77 In isolation it would appear so, but the true measure of risk isn’t how volatile the return
is. The true riskiness is how it relates to the rest of your portfolio.

To see this, think about an asset that is negatively correlated to your portfolio. If you were to buy it,
the overall variance of the portfolio would go down, even though you are buying something with positive
variance.

Think back to my example on the second day of class with the chocolates. The contract we made up on
the board looked risky in isolation, but really it was used to reduce risk.

Now, how do we equate the ratios of excess return to risk across assets? Imagine that asset ¢ had a higher
ratio than asset j.

Bl =y Elrs) =1

Tip Ojp

This means that asset ¢ has a higher expected excess return, relative to its risk, than asset j does. Clearly
you would like to buy more of asset 7 and less of asset j. As you buy more of asset 7, it makes up a larger
share of your overall portfolio. Thus, the return of the overall portfolio is more heavily affected by the return
of asset i. That is to say, the correlation between the portfolio and asset ¢ has increased. This decreases the
fraction on the left hand side. Similarly, buying less of asset j increases the fraction on the right hand side.
This process will continue until the two are equated.

You will continue to rebalance until you have equated this ratio for every pair of asset available.

This is everything that I have to say about modern portfolio theory. Tune in next time to learn about
factor models.
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